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Twistor representation of null two-surfaces
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We present a twistor description for null two-surfaces (null strings) in 4D Minkowski space-
time. The Lagrangian density for a variational principle is taken as a surface-forming null bivector.
The proposed formulation is reparametrization invariant and free of any algebraic and differential
constraints. The spinor formalism of Cartan–Penrose allows us to derive a non-linear evolution
equation for the world-sheet coordinate xa(τ, σ). An example of null two-surface given by the
two-dimensional self-intersection (caustic) of a null hypersurface is studied.
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I. INTRODUCTION
The study of massless (null) objects in 4D Minkow-
ski and curved space-times has drawn considerable at-
tention over the recent years [1, 2, 3, 4, 5, 6, 7, 8].
These investigations are concerned not only with phys-
ical implications stemming from the theory of massless
particles and string theory but also with the geomet-
rical entities which found a convenient representation
as extended null objects. The research is mainly con-
fined to one-dimensional null objects (massless parti-
cles and super-particles) [1, 9, 10, 11, 12] and to the
null hypersurfaces because of their relevance in relativ-
ity [8, 13, 14, 15, 16]. It is surprising that a study of
generic null two-dimensional surfaces is quite rare (see,
however, Refs. [17, 18]). This situation is rather unfor-
tunate because a generic null two-surface corresponds to
the notion of a tensionless string, which plays an im-
portant role in the current research on the string the-
ory [5, 6, 19, 20]. Besides that, null two-surfaces can
naturally arise as two-dimensional caustics of null hyper-
surfaces and the availability of such a description could
provide additional insights into the geometry of the latter
ones. Finally, our understanding of the geometry of the
null submanifolds in space-times of special and general
relativity is certainly incomplete without a satisfactory
description of the null two-surfaces.
Initially, the notion of a null two-surface was put
forward by Schild [21] in the form of a geodesic null
string, i.e. a two-dimensional degenerate submanifold of
4D Minkowski or curved space-time ruled by null geode-
sics. The degenerate property of the induced metric can
be written in the form
x˙2x´2 − (x˙x´)2 = 0. (1.1)
Here xa(τ, σ) is the world-sheet coordinate, x˙x´ stands
for x˙ax´a, etc. The dots and primes denote differentia-
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tion with respect to τ and σ, respectively. It is worth
noting that the degenerate property (1.1) is manifestly
reparametrization invariant while the Schild’s variational
principle does not possess this feature.
In the paper [3] Bandos and Zheltukhin proposed
a spinor version of the null string action functional.
A study of null string dynamics in external fields in
3D and 4D Minkowski space-times was undertaken in
Refs. [22, 23, 24, 25]. In Refs. [23, 24] Ilyenko and Zhel-
tukhin showed that interaction with antisymmetric ten-
sor gauge field can lead to the violation of the geodesic
property of the resulting null two-dimensional submani-
fold of the 4D Minkowski space-time.
A different approach was employed in the articles [5,
26]. The idea was to use an algebraically special dif-
ferential two-form obeying certain integrability condi-
tions. In Ref. [26] Stachel took a null bivector field pab(x)
(pab = −pba, pab∗pab = 0, pabpab = 0 and pa[b∇cpde] = 0;
the star denotes dualization) as the Lagrangian density
and showed that Schild’s null string could be treated in
this way. Recently, Gusev and Zheltukhin [5] have used
a fundamental result of spinor calculus on the represen-
tation of a real null bivector in 4D Minkowski space-time
to cast the variational principle in the form
S =
∫
(π¯Aπ¯BǫA′B′ + πA′πB′ǫAB)dx
AA′ ∧ dxBB′ .
They proved the degenerate property of the result-
ing two-dimensional manifold and treated the case of
geodesic null string.
In the present article we show that the above varia-
tional principle admits a natural twistor form. The corre-
sponding Euler-Lagrange equations possess solutions not
only in the form of ruled null two-surfaces (geodesic null
strings) but also generic (i.e. non-geodesic, cf. Ref. [24])
null strings. A non-linear counterpart of the geodesic
evolution equation for a generic null string is derived.
An outline of the paper is as follows. In Sec. II we pro-
pose a twistor variational principle for null two-surfaces
in 4D Minkowski space-time. Next section is devoted to
a study of the corresponding equations of motion. An
evolution equation for a generic non-geodesic null two-
2surface is derived in Sec. IV. Sec. V contains an exam-
ple of non-geodesic null two-surface as a two-dimensional
caustic of a wave-front. Discussion and outlook are pre-
sented in the final section.
The conventions are those of Penrose–Rindler [13].
II. VARIATIONAL PRINCIPLE
We begin with the Stachel’s variational principle. By
definition, a bivector pab(x) = −pba(x) is simple if the
condition det (pab) = 0 holds. In 4D Minkowski space-
time one can show that det (pab) = (1/16)(pab
∗pab)2 (see
Ref. [13, Vol. 1]), where ∗pab = (1/2!)εabcdpcd (ε0123 =
−ε0123 = 1) is the dual of pab. This means that there
exists a pair of vector fields ua(x) and vb(x) which obey
the identity pab = u[avb]. The null property pabp
ab = 0
gives
uau
a = 0, vav
a < 0 (2.1)
and without loss of generality we shall assume that they
are normalized by the conditions
uav
a = 0, vav
a = −2. (2.2)
Let the spinors π¯A and η¯A constitute a normalized
Newman–Penrose dyad (spin-frame) and spinor π¯A be
chosen as to represent the coincident principal null direc-
tions of the null bivector pab. Then, one can write the
following representation for ua and vb
ua = π¯AπA′ , vb = π¯BηB′ + πB′ η¯B. (2.3)
Introducing a null twistor Zα
def
= (ω¯A, πA′) and its
complex conjugate Zα = (π¯A, ω
A′), where ω¯A is given
by the usual definition ω¯A = ixAA
′
πA′ , we obtain
iuadx
a = iπ¯AπA′dx
AA′ = ZαdZ
α. (2.4)
The null property of the twistor Zα corresponds to the
Hermitian property of xAA
′
and reflects the reality condi-
tion imposed on the points of 4D Minkowski space-time.
Next we consider another one-form
ivbdx
b = i(π¯BηB′ + πB′ η¯B)dx
BB′
=
i
2
[(π¯B + η¯B)(πB′ + ηB′) (2.5)
− (π¯B − η¯B)(πB′ − ηB′)] dxBB
′
and introduce a second null twistor W β
def
= (ξ¯B, ηB′)
and its complex conjugate W β = (η¯B, ξ
B′). Calculating
d(ξ¯B ± ω¯B) = i(πB′ ± ηB′)dxBB′ + ixBB′d(πB′ ± ηB′),
we find
i(π¯B + η¯B)(πB′ + ηB′)dx
BB′ = (π¯B + η¯B)d(ξ¯
B + ω¯B) + (ξB
′
+ ωB
′
)d(πB′ + ηB′),
i(π¯B − η¯B)(πB′ − ηB′)dxBB
′
= −(π¯B − η¯B)d(ξ¯B − ω¯B)− (ξB
′ − ωB′)d(πB′ − ηB′). (2.6)
Subtracting these two equations and using (2.5) we
obtain
ivbdx
b = ZβdW
β +W βdZ
β . (2.7)
Since
pabdx
a ∧ dxb = u[avb]dxa ∧ dxb = uadxa ∧ vbdxb, (2.8)
we can take the following expression:
S =
∫
ZαdZ
α ∧ (ZβdW β +W βdZβ) (2.9)
as a twistor variational principle for the null two-surfaces.
The two-form in (2.9) is understood to be restricted to
a two-dimensional submanifold of 4D Minkowski space-
time parametrized by τ and σ. The null property of the
twistors Zα and Wα leads to the following identities:
ZαZ
α = WαW
α = ZαW
α = WαZ
α = 0. (2.10)
The Lagrangian density of the twistor action functional
(2.9) is multiplied by the factor q2 under the gauge trans-
formations of the form
Zα → qZα, Wα → q−1Wα + pZα. (2.11)
Here q(τ, σ) is a nowhere vanishing real-valued function
and p(τ, σ) is an arbitrary complex-valued function. This
is admissible freedom for a differential form representing
a surface [27]. It gives rise to the invariance of the Euler-
Lagrange equations under the above mentioned transfor-
mations. The invariance corresponds to the possibility
of rescaling with real multiples of the extent of the null
direction tangent to the null two-surface and to addition
of any real multiple of the null direction to the space-like
tangent direction
π¯A → qπ¯A, η¯A → q−1η¯A + pπ¯A. (2.12)
These transformations comprise the null-rotations and
boost-rotations (cf. Ref. [28]).
3III. EQUATIONS OF MOTION
A. Euler-Lagrange equations.
The Lagrangian of the twistor variational principle de-
rived in the previous section has the form
L = εµν∂µZαZα
(
Zβ∂νW
β +Wβ∂νZ
β
)
, (3.1)
where the indices µ, ν run over τ , σ and ετσ = −εστ = 1.
We also write ∂µ = ∂/∂ξ
µ = (∂/∂τ, ∂/∂σ) and exten-
sively use the shorthand notations “˙” = ∂τ and “´ ” =
∂σ. The Euler-Lagrange equations are
∂L
∂Υu
− ∂
∂ξµ
[
∂L
∂(∂µΥu)
]
= 0. (3.2)
Here Υu = {Zα,Wα, Zα,Wα} are the dynamical quan-
tities. The substitution of the Lagrangian density (3.1)
into the equations yields
εµν
(
Zα∂µZβ∂νW
β + ∂µZαZβ∂νW
β + Zα∂µW β∂νZ
β + ∂µZαW β∂νZ
β −Wα∂µZβ∂νZβ − ∂µWαZβ∂νZβ
)
= 0,
εµν
(
∂µZ
αZβ∂νW
β + ∂µZ
αW β∂νZ
β − ∂µWαZβ∂νZβ
)
= 0, (3.3)
εµν
(
Zα∂µZβ + ∂µZαZβ
)
∂νZ
β = 0, εµν∂µZ
αZβ∂νZ
β = 0.
We can rewrite these equations in terms of the spinor
fields π¯A and η¯A and the world-sheet derivatives of xAA
′
employing the definitions of the null twistors Zα andWα.
In what follows it will be also convenient to take the
advantage of the identities
π¯AπA
′
η¯B − (π¯AηA′ + πA′ η¯A)π¯B = πA′ǫAB − ηA′ π¯Aπ¯B,
x˙AA
′
x´BB
′ − x´AA′ x˙BB′ = φABǫA′B′ + φ¯A′B′ǫAB. (3.4)
Here we use the normalization condition
εAB = π¯Aη¯B − η¯Aπ¯B (3.5)
and the symmetric spin-tensor φAB is given by the ex-
pression φAB = x˙(AC′ x´
B)C′ .
Let us consider the first equation in the system (3.3).
Utilizing the formulae presented above, we obtain that
this equation is equivalent to the following system:
x˙BB
′
[xAA
′
(πB′ǫAB + ηB′ π¯Aπ¯B)]´ − x´BB
′
[xAA
′
(πB′ǫAB + ηB′ π¯Aπ¯B)]˙= 0,
x˙BB
′
(πB′ǫAB + ηB′ π¯Aπ¯B )´ − x´ (πB′ǫAB + ηB′ π¯Aπ¯B)˙= 0. (3.6)
Substituting the second equation in (3.6) into the first
one and using the second identity in (3.4), we can repre-
sent the first equation in (3.3) in the form
x˙BB
′
[η¯Aπ¯BπB′ − π¯A(π¯BηB′ + η¯BπB′)]´ − x´BB
′
[η¯Aπ¯BπB′ − π¯A(π¯BηB′ + η¯BπB′)]˙= 0,
2φ¯A
′B′πB′ + η
A′(φAB π¯Aπ¯B) = 0. (3.7)
The second equation in the system (3.3) yields
4x˙BB
′
[(xAA
′
ηA′ )´ π¯BπB′ − (xAA
′
πA′ )´ (π¯BηB′ + η¯BπB′)]−
x´BB
′
[(xAA
′
ηA′)˙π¯BπB′ − (xAA
′
πA′)˙(π¯BηB′ + η¯BπB′)] = 0,
x˙BB
′
[η´A′ π¯BπB′ − π´A′(π¯BηB′ + η¯BπB′)]−
x´BB
′
[η˙A′ π¯BπB′ − π˙A′(π¯BηB′ + η¯BπB′)] = 0. (3.8)
Substituting the second equation in this system into the
first and using (3.4) again, we find that the second equa-
tion in (3.3) results in
x˙BB
′
[η´A′ π¯BπB′ − π´A′(π¯BηB′ + η¯BπB′)] − x´BB
′
[η˙A′ π¯BπB′ − π˙A′(π¯BηB′ + η¯BπB′)] = 0,
2φABπ¯B + η¯
A(φ¯A
′B′πA′πB′) = 0. (3.9)
We incidentally observe that the second equations in the
systems (3.7) and (3.9) are complex conjugates of one an-
other. We next consider the third equation of the system
(3.3). It can be presented as follows:
x˙BB
′
(xAA
′
π¯Aπ¯BπB′ )´ − x´BB
′
(xAA
′
π¯Aπ¯BπB′)˙= 0,
x˙BB
′
(π¯Aπ¯BπB′ )´ − x´BB
′
(π¯Aπ¯BπB′)˙= 0. (3.10)
The substitution of the second equation above into the
first and the use of (3.4) allow us to write this pair of
equations in the form
x˙BB
′
(π¯Aπ¯BπB′ )´ − x´BB
′
(π¯Aπ¯BπB′)˙ = 0,
φAB π¯Aπ¯B = 0. (3.11)
The fourth equation in (3.3) gives
[x˙BB
′
(xAA
′
πA′ )´ − x´BB
′
(xAA
′
πA′)˙]π¯BπB′ = 0,
(x˙BB
′
π´A′ − x´BB
′
π˙A′)π¯BπB′ = 0. (3.12)
The second equation in (3.12) can be used to rewrite
these two equations as follows:
(x˙BB
′
π´A′ − x´BB
′
π˙A′)π¯BπB′ = 0,
φ¯A
′B′πA′πB′ = 0. (3.13)
We also find that the second equation in (3.11) is complex
conjugate of the second equation in (3.13).
Let us use the first equation in (3.9) to simplify the
first equation in the system (3.7). The calculation gives
[x˙BB
′
(π¯BηB′ + η¯BπB′ )´ − x´BB
′
(π¯BηB′ + η¯BπB′)˙]π¯A −
[x˙BB
′
(π¯BπB′ )´ − x´BB
′
(π¯BπB′)˙]η¯A = 0. (3.14)
Since π¯A and η¯A constitute a normalized basis for the
two-dimensional vector space C2, the equation above is
equivalent to the following pair:
x˙AA
′
(π¯AηA′ + η¯AπA′ )´ − x´AA
′
(π¯AηA′ + η¯AπA′)˙= 0,
x˙AA
′
(π¯AπA′ )´ − x´AA
′
(π¯AπA′)˙= 0. (3.15)
Performing the same procedure with the first equations
in (3.11) and (3.13), we derive the equation
x˙AA
′
(π¯AπA′ )´ − x´AA
′
(π¯AπA′)˙= 0. (3.16)
It coincides with the second equation in the system
(3.15).
Finally, for the purposes of the future analysis, we di-
vide the independent Euler-Lagrange equations in the fol-
lowing three pairs:
(x˙AA
′
´¯πB − x´AA
′
˙¯πB)(π¯AηA′ + πA′ η¯A)−
(x˙AA
′
´¯ηB − x´AA
′
˙¯ηB)π¯AπA′ = 0, (3.17)
x˙AA
′
(π¯AηA′ + πA′ η¯A)´ − x´AA
′
(π¯AηA′ + πA′ η¯A)˙= 0;
x˙AA
′
(π¯AπA′ )´ − x´AA
′
(π¯AπA′)˙ = 0,
(x˙AA
′
´¯πB − x´AA
′
˙¯πB)π¯AπA′ = 0; (3.18)
2φ¯A
′B′πA′ + (φ
AB π¯Aπ¯B)η
B′ = 0,
φABπ¯Aπ¯B = 0. (3.19)
Here we made the substitutions of dummy indices where
appropriate and presented complex conjugate versions of
some equations.
B. Preliminary analysis
Now we shall establish a few auxiliary results.
5The third pair of the motion equations (3.19) gives
φAB π¯B = 0, which means that
2φAB = vπ¯Aπ¯B (3.20)
for some complex-valued function v(τ, σ).
Let us substitute the representation (3.20) into the sec-
ond equation of (3.4)
2(x˙AA
′
x´BB
′ − x´AA′ x˙BB′) = vπ¯Aπ¯BǫA′B′ + v¯πA′πB′ǫAB.
(3.21)
Multiplying both sides of this equation by x˙BB′ we obtain
2[x˙2x´AA
′ − (x˙x´)x˙AA′ ] = vπ¯Aπ¯Bx˙BA
′
+ v¯πA
′
πB′ x˙
AB′ .
(3.22)
Following Ref. [5] we calculate
2x˙AC′ x´
BC′ = 2x˙(AC′ x´
B)C′ + 2x˙[AC′ x´
B]C′
= 2φAB + (x˙x´)ǫAB
= vπ¯Aπ¯B + (x˙x´)ǫAB. (3.23)
Using this result one obtains
2x˙AC′ x´
BC′ x˙AD′ x´B
D′ = (x˙x´)2. (3.24)
On the other hand,
x˙AD′ x´
BC′ x˙AC′ x´B
D′ = −x˙AC′ x˙AD′ x´BC
′
x´B
D′ (3.25)
and this fact can be used to show that the left hand side
of equation (3.24) is also given by
2x˙AC′ x´
BC′ x˙AD′ x´B
D′ =
= (x˙AC′ x˙AD′ − x˙AD′ x˙AC′)x´BC
′
x´B
D′
= 2x˙A[C′ x˙|A|D′]x´
BC′ x´B
D′ = x˙2x´2. (3.26)
The equations (3.24) and (3.26) result in the identity
(1.1). The left hand side of (1.1) is the determinant
of the induced metric on the null string world-sheet, or
equivalently, on a two-dimensional real null submanifold
of 4D Minkowski space-time, and this equation shows
that it vanishes identically. The vanishing property of
the determinant of the induced metric is invariant under
the group of non-degenerate diffeomorphisims of the null
string world-sheet
τ → f(τ, σ), σ → ϕ(τ, σ). (3.27)
According to the second Noether theorem [29, 30], the
reparametrization invariance (3.27) of the twistor action
functional implies that the equations of motion contain
two arbitrary real-valued functions. Then, without loss
of generality, we can choose one of them in such a way
as to ensure that x˙2 = 0. Taking into account (1.1), this
entails
x˙2 = 0, x˙x´ = 0. (3.28)
Having fixed the orthogonal gauge (3.28), we restrict the
group of diffeomorphisms of the null string world-sheet
to the following subgroup of transformations:
τ → f(τ, σ), σ → ϕ(σ). (3.29)
It, therefore, follows from (3.22) and (3.28) that
vπ¯Ax˙BA
′
π¯B + v¯πB′ x˙
AB′πA
′
= 0, (3.30)
and projection of this equation on the elements of the
spin-tensor basis π¯AπA′ , π¯AηA′ , πA′ η¯A′ and η¯AηA′ yields
vx˙AA
′
π¯AηA′ + v¯x˙
AA′ η¯AπA′ = 0,
x˙AA
′
π¯AπA′ = 0. (3.31)
The second equation in the system (3.31), together with
the null property (3.28) of the vector field x˙a, gives rise
to the representation for this vector field in the form
x˙AA
′
= rπ¯AπA
′
, (3.32)
where r(τ, σ) is a real-valued function. This representa-
tion for one of the two vector fields tangent to the null
string world-sheet automatically solves the first equation
of the system (3.31). The result (3.32) and the second
equation in (3.28) imply
x´AA
′
π¯AπA′ = 0. (3.33)
Now x´AA
′
can be written in the form
x´AA
′
= ζ¯π¯AηA
′
+ ζη¯AπA
′
+ gπ¯AπA
′
, (3.34)
where ζ(τ, σ) and g(τ, σ) are complex- and real-valued
functions, respectively. Therefore, the representation for
two linearly independent vector fields tangent to the null
string world-sheet which obey constraints (3.28) has the
form
x˙AA
′
= rπ¯AπA
′
, x´AA
′
= ζ¯π¯AηA
′
+ ζη¯AπA
′
+ gπ¯AπA
′
.
(3.35)
The substitution of the representation (3.35) into the first
equation of the system (3.17) gives
˙¯πA(ζ + ζ¯) = 0. (3.36)
The situation when ˙¯πA vanishes corresponds to the
geodesic property of the null string world-sheets and it
has been considered in Ref. [5]. Unfortunately, the au-
thors of that article had overlooked the other possibility,
given by the vanishing of the expression in the round
brackets in the equation (3.36), and had not paid any
attention to non-geodesic null strings. The remainder of
this paper will be devoted to the analysis of the non-
geodesic case, which corresponds, as we shall see, to the
situation when the function ζ(τ, σ) is purely imaginary.
It is convenient to redefine the function ζ to be a real-
valued function in the null string motion equations and
6in the representations for the vector fields x˙AA
′
and x´AA
′
by means of the substitution ζ → −iζ. Taking into ac-
count (3.35), we can reduce the remainder of the motion
equations (3.17) – (3.18) to the system
r(π¯A ´¯πA + π
A′ π´A′) =
2iζ(πA
′
η˙A′ − π¯A ˙¯ηA) + g(π¯A ˙¯πA + πA
′
π˙A′), (3.37)
π¯A ˙¯πA − πA
′
π˙A′ = 0.
Finally, we obtain the motion equations of the null string
in the form
x˙AA
′
= rπ¯AπA
′
, x´AA
′
= iζ(π¯AηA
′ − η¯AπA′) + gπ¯AπA′ ,
r(π¯A ´¯πA + π
A′ π´A′) = 2iζ(π
A′ η˙A′ − π¯A ˙¯ηA) + (3.38)
g(π¯A ˙¯πA + π
A′ π˙A′), π¯
A ˙¯πA − πA
′
π˙A′ = 0,
where r(τ, σ) and ζ(τ, σ) are arbitrary real-valued func-
tions.
Let us briefly explore the effects of the gauge transfor-
mations (2.12) and the null string world-sheet reparame-
trizations (3.29) on the equations of motion. The gauge
transformations (2.12) leave the null string motion equa-
tions (3.38) invariant and result in simple redefinitions of
the functions r and g
r → q2r, g → q2g − iq(p− p¯)ζ. (3.39)
Under the world-sheet reparametrizations (3.29)
x˙a → f˙−1x˙a, x´a → ϕ´−1x´a − (ϕ´f˙)−1f´ x˙a. (3.40)
We then observe that the reparametrizations (3.29) pre-
serve the form of the null string motion equations (3.38)
while leading to the following redifinitions of the func-
tions r, g and ζ:
r → f˙−1r, g → ϕ´−1g − (ϕ´f˙)−1f´ r, ζ → ϕ´−1ζ. (3.41)
One can easily check that the null property of the vec-
tor field x˙a and the orthogonal character of the vector
fields x˙a and x´a are preserved with respect to both those
transformations.
The invariant property of the twistor action functional
with respect to either of those transformations can be
used in order to eliminate the null component, gπ¯AπA
′
,
of the space-like vector field x´AA
′
from the null string
equations of motion (3.38). This can be achieved by per-
forming the transformations (2.12) with the parameters
q = 1, i(p− p¯) = ζ−1g, (3.42)
where the real part of the function p may remain arbi-
trary. Then, the null string equations of motion take the
reduced form
x˙AA
′
= rπ¯AπA
′
, x´AA
′
= iζ(π¯AηA
′ − η¯AπA′),
r(π¯A ´¯πA + π
A′ π´A′) = 2iζ(π
A′ η˙A′ − π¯A ˙¯ηA),
π¯A ˙¯πA − πA
′
π˙A′ = 0. (3.43)
They are invariant under the gauge transformations
(2.12) with real functions p(τ, σ). These restricted gauge
transformations result in trivial rescaling of the function
r(τ, σ) in the null string motion equations (3.43)
r → q2r (3.44)
and reflect the freedom inherent in the choice of the ex-
tent of the null direction represented by the vector field
x˙a. This restriction of the admissible gauge transforma-
tions to those with real ps further reduces the repara-
metrization freedom of the null string world-sheet. The
invariance of the null string equations of motion in the
form (3.43) requires that the function f entering the re-
parametrization transformations (3.29) is a function of τ
alone, thereby restricting the reparametrization freedom
to the following transformations:
τ → f(τ), σ → ϕ(σ). (3.45)
In the equations above the function r defines the ex-
tent of the flagpole direction la ≡ π¯AπA′ tangent to
the null string world-sheet. We also note that unre-
stricted gauge transformations (2.12) preserve the associ-
ated flag plane represented by the space-like vector field
µa ≡ π¯AηA′ + πA′ η¯A. This vector is orthogonal to the
space-like vector field qa ≡ i(π¯AηA′ − η¯AπA′) tangent to
the null string world-sheet. The vector fields la, µa, and
qa together with the second null vector field na ≡ η¯AηA′
define a (non-normalized) Newman-Penrose tetrad for
4D Minkowski space-time. Here the vector fields µa and
qa can be expressed in the terms of the usual complex
elements of the tetrad as follows:
µa = ma + m¯a, qa = i(ma − m¯a). (3.46)
C. Integrability conditions
The representations for x˙AA
′
and x´AA
′
in (3.43)
must satisfy the compatibility conditions
(x˙AA
′
)´ = (x´AA
′
)˙. (3.47)
In turn, this leads to some compatibility conditions on
the τ - and σ-derivatives of the basis spinor fields π¯A and
η¯A. It will have proven interesting to explore the geomet-
rical significance of the compatibility conditions (3.47).
Using the definitions of the vector fields la and qa we
find
∂
∂τ
=
∂xa
∂τ
∂
∂xa
≡ x˙a∇a = rla∇a,
∂
∂σ
=
∂xa
∂σ
∂
∂xa
≡ x´a∇a = ζqa∇a. (3.48)
We next calculate the Lie derivative of the vector field
∂σ along ∂τ
£rl(ζq
a) = a˜la + b˜qa + rζ£lη
a, (3.49)
7where we have defined a˜ = −ζqa∇ar and b˜ = rla∇aζ.
In the derivation we have used the fact that in 4D Min-
kowski space-time the derivatives ∇a commute. Now,
geometrical meaning of the condition (3.47) becomes ap-
parent, it requires the Lie derivative of the connecting
vector field qa along the vector field la to be contained
in the subspace spanned by those vector fields
£lη
a = ala + bqa. (3.50)
Here a = −r−1qa∇ar and b = ζ−1la∇aζ are some real-
valued functions of τ and σ. This equation can be recog-
nized as the Frobenius integrability condition applied to
the vector fields la and qa. We note in passing that the
vector field ζqa plays the role of the Jacobi field along the
null congruence given by the vector field rla and, there-
fore, is simply a Lie-dragged vector field. This condition
can be phrased in a yet another form by observing that
(3.50) entails that the projections of the vector field £lη
a
on the elements la and µa of the Newman-Penrose tetrad
must vanish
la£lq
a = 0, µa£lq
a = 0. (3.51)
Having established the geometrical meaning of the
compatibility conditions (3.47), or equivalently (3.51),
we can proceed with their analysis. The first equation
in (3.51) gives
lalb∇bqa − laqb∇bla = 0. (3.52)
Noting that the second term on the left hand side van-
ishes identically and using the orthogonal property of the
vector fields la and qa we obtain the equation
qalb∇bla = 0 (3.53)
as the first integrability condition. The second equation
in (3.51) yields
µaqb∇bla − µalb∇bqa = 0. (3.54)
Summarizing, the Frobenius integrability conditions for
the two-dimensional submanifold of 4D Minkowski space-
time representing the null string world-sheet are given by
the formulae (3.53) and (3.54). A straightforward calcu-
lation shows that these equations are invariant under the
restricted (to real qs and ps) gauge transformations of
the form (2.12).
At this point we can compare the different forms of
the integrability conditions, namely, the differential con-
dition for the null bivector pab(x) stated in Sec. I and
(3.50). For this purpose, we note that the null bivector
can be written in the form
2pab = π¯Aπ¯BǫA′B′ + πA′πB′ǫAB. (3.55)
Here we have used the definitions (2.8) and (2.3) for the
null bivector and the vector fields ua and va, the nor-
malization conditions (2.2) and identity (3.5). The inte-
grability condition mentioned above is equivalent to the
following equation:
pab∇cpdeǫbcde = 0, (3.56)
where the totally antisymmetric tensor density ǫbcde is
given by the expression, [13, Vol. 1],
ǫbcde = i(ǫBDǫCEǫB
′E′ǫC
′D′ − ǫBEǫCDǫB′D′ǫC′E′).
(3.57)
First, we write
2∇cpde = π¯EǫD′E′∇CC′ π¯D + π¯DǫD′E′∇CC′ π¯E +
πE′ǫDE∇CC′πD′ + πD′ǫDE∇CC′πE′ . (3.58)
Second, we calculate
ǫbcde∇cpde = i(π¯B∇CB
′
π¯C − πB
′∇BC′πC′ +
π¯C∇CB
′
π¯B − πC′∇BC
′
πB
′
). (3.59)
Finally, we obtain
2pab∇cpdeǫbcde = i[π¯Aπ¯BπB
′∇BB′πA′ − πA′ π¯BπB
′∇BB′ π¯A + πA′πB
′
πC
′∇AC′πB′ −
π¯Aπ¯
Bπ¯C∇CA′ π¯B + π¯AπA′(π¯B∇BB′πB
′ − πB′∇BB′ π¯B)]. (3.60)
Then, the desired result follows from equating the right
hand side of the formula (3.60) to zero. Since the equa-
tion (3.56) is equivalent to its projections on the spin-
tensor basis elements π¯AπA
′
, π¯AηA
′
, η¯AπA
′
and η¯AηA
′
,
we derive the results which are presented below. Firstly,
the projection of equation (3.56) on π¯AπA
′
vanishes iden-
tically. Secondly, its projections on the spin-tensor basis
elements π¯AηA
′
and η¯AπA
′
are the complex conjugates
of one another and can be represented in the form
π¯Aπ¯BπB
′∇BB′ π¯A − πA
′
π¯BπB
′∇BB′πA′ = 0. (3.61)
Finally, the projection of (3.56) on the remaining element
of the spin-tensor basis, η¯AηA
′
, is given by
82(π¯Aπ¯BπB
′∇BB′ η¯A − πA
′
π¯BπB
′∇BB′ηA′) + πA
′
π¯BηB
′∇BB′πA′ −
πA
′
η¯BπB
′∇BB′πA′ − π¯Aη¯BπB
′∇BB′ π¯A + π¯Aπ¯BηB
′∇BB′ π¯A = 0. (3.62)
The substitution of the definitions for the vector fields la,
qa and µa through the spinors π¯A and η¯A into (3.61) and
(3.62) reduces those equations to the system (3.53) and
(3.54). This concludes our demonstration of the equiva-
lence of the integrability conditions (3.56) and (3.50).
Using (3.48) we can rewrite the formulae (3.61) and
(3.62) as
r(π¯A ´¯πA + π
A′ π´A′) = 2iζ(π
A′ η˙A′ − π¯A ˙¯ηA),
π¯A ˙¯πA − πA
′
π˙A′ = 0. (3.63)
We find that the integrability conditions (3.63) coincide
with the null string equations of motion in the system
(3.43).
The conclusion of the subsection is that the integra-
bility conditions do not contribute additional constraints
to the null string equations of motion (3.43). Moreover,
the complete system of the null string equations of mo-
tion consists of the spinor representations for x˙a and x´a in
(3.43) together with their compatibility conditions (3.47).
It is easy to show that non-geodesic null string equa-
tions of motion derived in the article [24] can be cast into
the form (3.43). This proves that the two variational for-
mulations are equivalent on the classical level. All the
results on the properties of those equations also hold in
our case. For more details we refer an interested reader to
that paper. It is also remarkable that the present formu-
lation is free of the pair of artificial auxiliary world-sheet
quantities, ρµ, in the action principle, which was pro-
posed by Bandos and Zheltukhin in Ref. [3] and studied
by Zheltukhin and Ilyenko in Refs. [22, 23, 24, 25]. The
action principle of [24] contains eight arbitrary functions
of τ and σ, namely, two ρµs and six components of the
external antisymmetric gauge field Bab(x). Nevertheless,
as we showed there, only two gauge invariant combina-
tions of the field strength components of Bab(x) enter
the equations of motion. This means that only four func-
tions define generic null string dynamics in 4D Minkowski
space-time, as is the case with the present formulation.
Summarizing, in this section we have shown that the
twistor action functional (2.9) describes the null string as
a two-dimensional submanifold of 4D Minkowski space-
time with a degenerate induced metric.
IV. EVOLUTION EQUATION
A. Preliminary results
The invariance of the null string equations of motion
under the restricted gauge transformations of the form
(2.12) with real functions q and p enables us to im-
pose one more gauge condition on the functions enter-
ing the complete equations of motion of a null string.
It will prove convenient in the non-geodesic case to
fix the extents of the null directions tangent to the
null string world-sheet by imposing the so-called natu-
ral parametrization
˙¯πAπ¯
A = 1. (4.1)
This amounts to taking r = κ−1, where κ is the spin-
coefficient, whose non-vanishing property shows that a
null congruence is non-geodesic (cf. [13, Vol. 2, p. ??]).
The resulting equations are invariant under the residual
gauge transformations
π¯A → π¯A, η¯A → η¯A + pπ¯A. (4.2)
Here p is a real-valued function of τ and σ. The gauge
transformations of the form (4.2) correspond to the free-
dom inherent in the definition of the flag planes, which
are associated with the flagpole directions la tangent to
the null string world-sheet. The condition (4.1) fixes nat-
ural parameter, τ , along the integral curves of the vector
field la, thus restricting the reparametrization invariance
(3.45) to trivial transformations
τ → τ, σ → ϕ(σ). (4.3)
Under these transformations the flagpole extent, κ−1, re-
mains invariant, whereas ζ changes to ϕ´−1ζ.
The condition for the natural parametrization (4.1)
leads to the identity
¨¯πAπ¯
A = 0. (4.4)
It follows that ¨¯πA is proportional to π¯A. Using the defi-
nition of the spin-coefficients κ, ε and τ´ and noting that
D ≡ la∇a, we obtain
¨¯πA = [κ−1D(εκ−1) + κ−2(ε2 + κτ )´]π¯A. (4.5)
In what follows, we shall denote the expression in the
square brackets in the equation (4.5) as U . The natural
parametrization (4.1) also gives that
η¯A = − ˙¯πA (4.6)
up to addition of real multiples of π¯A.
B. Derivation of equation
We use the spinor representations in (3.43) for the vec-
tor fields x˙a and x´a to find a non-linear evolution equa-
tion obeyed by the coordinate, xa(τ, σ), of the null string
9world-sheet. Since the analysis here is applicable only
to the non-geodesic case, we shall restrict our derivation
to the situation when the natural parametrization is ap-
plied.
Let us substitute (4.6) and r = κ−1 into the definitions
of x˙a and x´a in (3.43), the result reads
x˙a = κ−1π¯AπA
′
, x´a = iζ( ˙¯πAπA
′ − π¯Aπ˙A′). (4.7)
First, taking the τ -derivative of x´a, we calculate with the
aid of (4.5):
x˙´a = iζ˙( ˙¯πAπA
′ − π¯Aπ˙A′) + iζ(U − U¯)π¯AπA′ . (4.8)
Second, taking the τ -derivative of x˙a, we obtain
x¨a = −κ−2κ˙π¯AπA′ + κ−1( ˙¯πAπA′ + π¯Aπ˙A′), x¨2 = −2κ−2.
(4.9)
One can also find that
x´2 = −2ζ2, x´x˙´= −2ζζ˙, x¨x˙´˙ = 2κ−3κ´. (4.10)
Here we have made the use of the identity (x¨2)´ = 2x¨x˙´˙. In
order to obtain the σ-derivative of κ we can employ the
compatibility conditions of Sec. III C with the necessary
substitution η¯A 7→ − ˙¯πA. Taking the σ-derivative of x˙a
and using (4.7), we derive
x˙´A = −κ−2κ´π¯AπA′ + κ−1(´¯πAπA′ + π¯Aπ´A′). (4.11)
Since (x˙a )´ equals to (x´a)˙, we must also have ˙¯πAπ˙A′(x´
AA′ )˙
= ˙¯πAπ˙A′(x˙
AA′ )´ . This entails
−κ−2κ´+ κ−1( ˙¯πA ´¯πA + π˙A′ π´A
′
) = iζ(U − U¯), (4.12)
where we used the normalization condition (4.1). Em-
ploying the same normalization condition again we find
˙¯πA ´¯π
A − π¯A π˙¯´ A = 0. (4.13)
On the other hand, taking into account (4.5), the first
motion equation in (3.43) gives
π¯A ´¯π
A + πA′ π´
A′ = 0. (4.14)
Differentiating this equation with respect to τ and mak-
ing the use of (4.13) we obtain
2( ˙¯πA ´¯π
A + π˙A′ π´
A′) = (π¯A ´¯π
A + πA′ π´
A′ )˙ = 0. (4.15)
The substitution of this result into the equation (4.12)
finally yields
κ´ = −iκ2ζ(U − U¯). (4.16)
In a generic situation of a non-geodesic case neither κ
nor ζ are equal to zero. Let us then multiply the equation
(4.8) by κ−2ζ2; the results (4.7), (4.9), (4.10) and (4.16)
can be used to show that the evolution equation has the
form
x¨2
[
x´2x˙´a − (x´x˙´)x´a] − x´2(x¨x˙´˙ )x˙a = 0. (4.17)
This equation is accompanied by the two constraints
(3.28). A straightforward but tedious calculation shows
that the evolution equation and the constraints are in-
variant under the world-sheet reparametrizations of the
form (3.45).
The evolution equation (4.17), obeyed by the coordi-
nate xa(τ, σ) of the non-geodesic null string world-sheet,
is a non-linear counterpart of the free (geodesic) null
string evolution equation
x¨a = 0. (4.18)
V. WAVE-FRONT CAUSTIC
Here we present an example of a non-geodesic null two-
surface and explore its connections with the null string in-
terpretation of such surfaces in 4D Minkowski space-time
and the evolution equation derived for the non-geodesic
null two-surfaces in the previous section. We shall build
this example as a two-dimensional caustic of a suitable
null hypersurface in 4D Minkowski space-time.
A. Null hypersurface
Let us start with considering the hypersurface given
parametrically:
xa(u, v, w) =
a
4


u
(1 + 2 sin2 v + u) cos v cosw
(1 + 2 sin2 v + u) cos v sinw
(3− 2 sin2 v − u) sin v

 . (5.1)
Here a is a constant with the dimension of length. Tak-
ing the advantage of an axial symmetry present in our
example, we schematically draw the hypersurface using
coordinates (ρ=
√
x2 + y2, z, ct) in Fig. 1. Denoting
xau = ∂x
a/∂u, xav = ∂x
a/∂v and xaw = ∂x
a/∂w, we can
calculate the vector fields spanning the tangent space to
this hypersurface. The result reads
xau =
a
4
[1, cos v cosw, cos v sinw,− sin v], (5.2)
xav =
a
4
(3 cos 2v − u)[0, sin v cosw, sin v sinw, cos v],
xaw =
a
4
(u+ 2− cos 2v) cos v[0,− sinw, cosw, 0].
For the Lorentz norms of the vector fields we have
x2u = 0, x
2
v = −
a2
16
(u− 3 cos 2v)2,
x2w = −
a2
16
cos2 v(u + 2− cos 2v)2. (5.3)
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One can also check the orthogonal property of these vec-
tor fields in the Lorentz norm xuxv = xuxw = xvxw =
0. The equations above show that the hypersurface (5.1)
is null. We can also write the necessarily degenerate in-
duced metric, Gµν . Here the subscript indices µ and ν
run over u, v and w. By definition, it is given by Gµν
= ∂µx
a∂νxa. Writing Gµν as a three by three matrix we
obtain
Gµν = −a
2
16
diag [0, (u− 3 cos 2v)2, cos2 v(u + 2− cos 2v)2]. (5.4)
This matrix has the rank of two everywhere with the
exception of the following parameter values:
u = 3 cos 2v, cos v = 0 or u = cos 2v − 2. (5.5)
It is of rank one matrix there excluding two points
xa = (−3a/4, 0, 0,±a), where the induced metric is of
zero rank. One can show that parameter values cos v = 0
determine two null straight lines
ct =
a
4
± z, x = y = 0 (5.6)
and the parameter values given by the last equality in
(5.5) correspond to the segment |z| ≤ a contained by the
null plain curve
ct = − 1
4a
(2z2 + a2). (5.7)
On the contrary, the first equality in (5.5) defines a
two-dimensional surface. Substituting u = 3 cos 2v into
(5.1), we find for the space-time points belonging to it:
x˜a = a [
3
4
cos 2v, cos3 v cosw, cos3 v sinw, sin3 v]. (5.8)
By construction, this is a caustic two-surface for the null
hypersurface (5.1) and the tangent plains to the two-
surface span the null hypersurface. Accounting for the
axial symmetry of our example, the caustic null two-
surface is shown by thick solid and dashed lines in Fig. 1.
The new tangent fields at the two-surface are
x˜av = −
3
2
a sin 2v[1, cos v cosw, cos v sinw,− sin v]
x˜aw = a cos
3 v[0,− sinw, cosw, 0]. (5.9)
The latter new tangent field coincides with the field ob-
tained as the result of substitution u = 3 cos 2v in the
expression for xaw in (5.2), while the former is only a mul-
tiple of the null vector field xau in (5.2). For this reason
and to simplify subsequent calculations, we can equally
use the null vector field xau in order to find the spinor
corresponding to the null direction tangent to the two-
surface. Since the first tangent vector field x˜av has zero
Lorentz norm and the second tangent vector field x˜aw is
space-like at the points given by the equation (5.8), we
infer that the two-surface is a null two-surface in 4D Min-
kowski space-time. The parametric representation (5.8)
also provides a representation for this surface as an in-
FIG. 1: The null hypersurface (5.1). One dimension is
suppressed. The dark solid and dashed lines show its two-
dimensional null caustic surface.
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tersection of two hypersurfaces:
x2 + y2 + z2 =
a2
4
[
1 + 3
(
4ct
3a
)2]
, (5.10)
x2 + y2 − z2 = a
2
4
(
4ct
3a
)[
3 +
(
4ct
3a
)2]
.
Here |4ct/3a| ≤ 1. Eliminating 4ct/3a from the equa-
tions in (5.10), we observe that in a particular reference
frame the projection of this null two-surface in a hyper-
plane of constant time is an astroid of revolution with
the parameter a given by the equation:
[x2 + y2 + z2 − a2]3 + 27a2[x2 + y2]z2 = 0 (5.11)
(see Fig. 2).
As well known, a compact space-like two-surface in
4D Minkowski space-time can be represented as an inter-
section of two null hypersurfaces. Somewhat analogues to
that situation, two-dimensional self-intersections (caus-
tics) of null hypersurfaces provide examples of non-
geodesic null two-surfaces in 4D Minkowski space-time.
In order to make connection with the description of the
previous sections, we need the spin-tensor expressions of
various vector field quantities. As mentioned above, the
null vector field xau can be employed to obtain the spinor
field describing the null directions tangent to the null
two-surface. First, we explicitly calculate
xAA
′
u [ = x
a
u(σa)
AA′ ] =
a
4
√
2
[
1− sin v cos v eiw
cos v e−iw 1 + sin v
]
.
(5.12)
[Here (σa)
AA′ are the Pauli matrices.] Since the vec-
tor field xau is real-valued and null, the determinant of
the matrix in (5.12) vanishes and we must have xAA
′
u ∝
π¯AπA
′
. The components of the spinor π¯A can be taken
as follows:
π¯A = −i
√
2
[
cos
(
v
2 − pi4
)
e−iw/2
sin
(
v
2 − pi4
)
e iw/2
]
. (5.13)
B. Non-geodesic null string
Now we are in a position to explore connections be-
tween the example null two-surface and a non-geodesic
null string world-sheet in 4D Minkowski space-time, [24].
Changing the parameters (v, w) to (τ, σ) we can rewrite
the parametric representation (5.8) for the null two-
surface as xa = a[(3/4) cos 2τ, cos3 τ cosσ, cos3 τ sinσ,
sin3 τ ]. The range of the parameters is τ ∈ [π/2, π] and
σ ∈ [0, 2π]. This corresponds to a closed null string with
the parameter τ playing the role of a time variable. The
results (5.12) and (5.13) allow us to write
x˙AA
′
=
3a
2
√
2
sin 2τ π¯AπA
′
. (5.14)
Here π¯A is given by the formula (5.13) with the necessary
change of (v, w) to (τ, σ). Next, we introduce a second
spinor field η¯A:
η¯A =
i√
2
[
cos
(
τ
2 − pi4
)
e iσ/2
sin
(
τ
2 − pi4
)
e−iσ/2
]
. (5.15)
which, together with π¯A, constitutes a normalized New-
man-Penrose dyad (spin-frame) for all admissible values
of the parameters τ and σ. Making the use of (5.13) and
(5.15) we obtain
x´AA
′
= −i a√
2
cos3 τ (π¯AηA
′ − η¯AπA′). (5.16)
The vector fields x˙a and x´a tangent to the null two-
surface vanish at two space-time points
ct = −3a
4
, x = y = 0, z = ± a (5.17)
and, in addition, the vector field x˙a vanishes on the circle
ct =
3a
4
, x2 + y2 = a2, z = 0. (5.18)
Comparing the results (5.14) and (5.16) with the first
two equations in the system (3.43), we can identify the
functions r and ζ as follows:
r =
3a
2
√
2
sin 2τ, ζ = − a√
2
cos3 τ. (5.19)
The expressions for π¯A and η¯A can be used to obtain the
functions (ω − ln |ζ|)˙ and ψ of the Ref. [24] directly, the
result reads:
(ω − ln |ζ|)˙ = 0, ψ = a
4
√
2
. (5.20)
This knowledge is important for relating Re ω˙ and ψ with
the quantities which represent the field strength of the
gauge field Bab(x) of the paper [24]. Thus, we obtain
ψ = −3
4
æa2 sin 2τ cos3 τ(ρτ )−1φ,
2Re ω˙ = −3
2
æa2 sin 2τ cos3 τ(ρτ )−1Re ν (5.21)
+
(
ln | cos6 τ (ρτ )−1|). .
Substituting the result (5.20) in these equations we have
φ = − ρτ [3
√
2æa sin 2τ cos3 τ ]−1, (5.22)
Re ν = − ρτ [ 3
2
æa2 sin 2τ cos3 τ ]−1
(
ln | cos6 τ (ρτ )−1|). .
The formulae above show that the quantity φ repre-
senting the only physical degree of freedom of the field
strength diverges at the space-time points (5.17) and on
the circle (5.18).
Therefore, in a particular reference frame, Fig. 2, one
can interpret the null two-surface of this section as a pair
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FIG. 2: Null string interpretation of the two-dimensional
caustic surface. (a) A section of the two-surface by a hyper-
plane of constant time (one space dimension is not shown).
(b) The space picture of the null strings dynamics.
of circular null strings which appear with zero radius at
t = −3a/4c at spatial points (x, y, z) = (0, 0, ±a). They
then expand until the time t = 3a/4c, when they disap-
pear having the circumference of 2πa. The null strings
are the sections of the caustic two-surface in Fig. 1 by the
hyperplanes of constant time. Projection of the world-
sheets of the null strings into a particular reference frame
constitutes the astroid of revolution described earlier in
this section.
C. Evolution equation
It is also interesting to make connections of this ex-
ample with the evolution equation for non-geodesic null
strings derived in the previous section. The paramet-
ric expressions for π¯A and η¯A, together with the results
(5.14) and (5.16), can be utilized to verify the equality
(4.6). Noting that κ = r−1, we find
κ´ = 0, ζ˙ =
3a
2
√
2
sin 2τ cos τ and U − U¯ = 0. (5.23)
Then, we have x˙´a = ζ−1ζ˙ x´a. Next, the formulae (4.9)
and (4.10) yield
x´2 = − a2 cos6 τ, x¨x˙´˙ = 0,
x´x˙´ =
3
2
a2 sin 2τ cos4 τ, x¨2 = −9
4
a2 sin2 2τ. (5.24)
Finally, with the aid of results obtained above, we observe
that the evolution equation (4.17) holds.
VI. DISCUSSION AND OUTLOOK
Firstly, the method employed in this paper for obtain-
ing a variational principle, (2.9), for a null two-surface
can be, in principle, used for designing a twistor varia-
tional principle for time-like two-surfaces (conventional
strings) and space-like two-surfaces. The idea is to take
a simple bivector field pab(x) and impose one of the al-
gebraic conditions pabp
ab = 1 or pabp
ab = −1. The lat-
ter condition would single out the string (compare with
the last part of [5]), while the former would correspond
to a space-like two-surface. It is easy to see that such
a procedure uniquely fixes the symmetric second rank
spin-tensor field φAB(x) in the standard decomposition of
an antisymmetric 4D Minkowski space-time tensor field
pab(x) = φAB(x)εA′B′ + φ¯A′B′(x)εAB . Then, the varia-
tional principle
S =
1
2!
∫
[φAB(x)εA′B′ + φ¯A′B′(x)εAB ]dx
AA′ ∧ dxBB′
would define a two-surface subject to the differential con-
straint stated in Sec. I [see the equation (3.55)]. Now, one
hopes that the use of spinor decomposition for pab(x),
consistent with either of the formulated algebraic con-
straints, would provide equations of motion, which au-
tomatically incorporate the differential constraints for-
mulated in the Sec. I. Such an assertion is supported
by the success of this procedure for the null two-surfaces
(null strings) presented in the current contribution. It
may well be possible to derive the analogues of the evo-
lution equation (4.17) for generic (interacting) strings
in 4D Minkowski space-time and curved space-times of
general relativity, where exist explicit spinor and twistor
constructions (cf. [31, Eqn. (16)] and [32, Eqns. (3.6)–
(3.11)]). In the same way it should be possible to build
13
twistor action functionals in the both cases for generic
time-like and space-like two-surfaces of 4D Minkowski
space-time.
Secondly, if one employs Feber’s definition of a
SU(2, 2 |N) supertwistor [33], one could build a descrip-
tion of null strings with spin in the physical dimensions
of space-time. Its analisys presumably would follow the
standard pass outlined in the works of Shirafuji [10] and
Bengtsson et al. [34].
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